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Experimental and Numerical
Studies on Nonlinear Dynamic
Behavior of Rotor System
Supported by Ball Bearings
Ball bearings are important mechanical components in high-speed turbomachinery that
is liable for severe vibration and noise due to the inherent nonlinearity of ball bearings.
Using experiments and the numerical approach, the nonlinear dynamic behavior of a
flexible rotor supported by ball bearings is investigated in this paper. An experimental
ball bearing-rotor test rig is presented in order to investigate the nonlinear dynamic
performance of the rotor systems, as the speed is beyond the first synchroresonance
frequency. The finite element method and two-degree-of-freedom dynamic model of a ball
bearing are employed for modeling the flexible rotor system. The discrete model of a shaft
is built with the aid of the finite element technique, and the ball bearing model includes
the nonlinear effects of the Hertzian contact force, bearing internal clearance, and so on.
The nonlinear unbalance response is observed by experimental and numerical analysis.
All of the predicted results are in good agreement with experimental data, thus validating
the proposed model. Numerical and experimental results show that the resonance fre-
quency is provoked when the speed is about twice the synchroresonance frequency, while
the subharmonic resonance occurs due to the nonlinearity of ball bearings and causes
severe vibration and strong noise. The results show that the effect of a ball bearing on the
dynamic behavior is noticeable in optimum design and failure diagnosis of high-speed
turbomachinery. �DOI: 10.1115/1.4000586�
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Introduction
Ball bearings are one of the essential and important components

n sophisticated turbomachinery such as rocket turbopumps, air-
raft jet engines, and so on. Because of the requirement of acquir-
ng higher performance in the design and operation of ball
earings-rotor systems, accurate predictions of vibration charac-
eristics of the systems, especially in the high rotational speed
ondition, have become increasingly important.

Inherent nonlinearity of ball bearings is due to Hertzian contact
orces and the internal clearance between the ball and the ring.

any researchers have devoted themselves to investigating the
ynamic characteristics associated with ball bearings. Gustafsson
t al. �1� studied the vibrations due to the varying compliance of
all bearings. Saito �2� investigated the effect of radial clearance
n an unbalanced Jeffcott rotor supported by ball bearings using
he numerical harmonic balance technique. Aktürk et al. �3� used a
hree-degree-of-freedom system to explore the radial and axial
ibrations of a rigid shaft supported by a pair of angular contact
all bearings. Liew et al. �4� summarized four different dynamic
odels of ball bearings, viz., two or five degrees of freedom, with

r without ball centrifugal force, which could be applied to deter-
ine the vibration response of ball bearing-rotor systems. Bai and
u �5� presented a general dynamic model to predict dynamic
roperties of rotor systems supported by ball bearings. De Mul et
l. �6� presented a five-degree-of-freedom �5DOF� model for the
alculation of the equilibrium and associated load distribution in
all bearings. Mevel and Guyader �7� described different routes to
haos by varying a control parameter. Jang and Jeong �8� pro-
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posed an excitation model of ball bearing waviness to investigate
the bearing vibration. Then, considering the centrifugal force and
gyroscopic moment of ball, they developed an analytical method
to calculate the characteristics of the ball bearing under the effect
of waviness in Ref. �9�. Tiwari et al. �10,11� employed a two-
degree-of-freedom model to analyze the nonlinear behaviors and
stability associated with the internal clearance of a ball bearing.
Harsha �12–14�, taking into account different sources of nonlin-
earity, investigated the nonlinear dynamic behavior of ball
bearing-rotor systems. Gupta et al. �15� studied the nonlinear dy-
namic response of an unbalanced horizontal flexible rotor sup-
ported by a ball bearing. With the aid of the Floquet theory, Bai et
al. �16� investigated the effects of axial preload on nonlinear dy-
namic characteristics of a flexible rotor supported by angular con-
tact ball bearings. Using the harmonic balance method, Sinou �17�
performed a numerical analysis to investigate the nonlinear unbal-
ance response of a flexible rotor supported by ball bearings.

In the abovementioned studies, main attention has been paid to
the ball bearing modeling and the dynamic properties analysis
according to simple bearing-rotor models. With theoretical analy-
sis and experiment, Yamamoto et al. �18� studied a nonlinear
forced oscillation at a major critical speed in a rotating shaft,
which was supported by ball bearings with angular clearances.
Ishida and Yamamoto �19� studied the forced oscillations of a
rotating shaft with nonlinear spring characteristics and internal
damping. They found that a self-excited oscillation appears in the
wide range above the major critical speed. A dynamic model was
derived, and experiments are carried out with a laboratory test rig
for studying the misaligned effect of misaligned rotor-ball bearing
systems in Ref. �20�. Tiwari et al. �21� presented an experimental
analysis to study the effect of radial internal clearance of a ball
bearing on the bearing stiffness of a rigid horizontal rotor. These

experimental results validated theoretical results reported in their
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iteratures �10,11�. Recently, Ishida et al. �22� investigated theo-
etically and experimentally the nonlinear forced vibrations and
arametrically excited vibrations of an asymmetrical shaft sup-
orted by ball bearings. Mevel and Guyader �23� used an experi-
ental test bench to confirm the predicted routes to chaos in their

revious paper �7�. It is noticeable of lack of experiments on
onlinear dynamic behavior of flexible rotor systems supported by
all bearings. In Ref. �24�, the finite element method was used to
odel a LH2 turbopump rotor system supported by ball bearings.
umerical results show that the subharmonic resonance, as well

s synchroresonance, occurs in the start-up process. It is found
hat the subharmonic resonance is an important dynamic behavior
nd should be considered in engineering ball bearing-rotor system
esign. But, the experimental and numerical studies of the subhar-
onic resonance in ball bearing-rotor systems are very rare.
With respect to the above, the present study is intended to cast

ight on the subharmonic resonance characteristics in ball bearing-
otor systems using experiments and numerical approach. An ex-
eriment on an offset-disk rotor supported by ball bearings is
arried out, and the finite element method and two-degree-of-
reedom model of a ball bearing are employed for modeling this
otor system. The predicted results are compared with the test
ata, and an investigation is conducted in the nonlinear dynamic
ehavior of the ball bearings-rotor system.

Experimental Investigation
An experimental rig is employed for studying the nonlinear

ynamic behavior of ball bearing-rotor systems, as shown in Fig.
. The horizontal shaft is supported by two ball bearings at both
nds, and the disk is mounted unsymmetrically. The shaft is
oupled to a motor with a flexible coupling. The motor speed is
ontrolled with a feedback controller, which gets the signals from
n eddy current probe. Four eddy current probes, whose resolution
s 0.5 �m, are mounted close to the disk and bearing at the right
nd in the horizontal and vertical directions, respectively. The
isplacement signals, obtained with the help of probes, are input
nto an oscilloscope to describe the motion orbit, and a data ac-
uisition and processing system were used to analyze the effects
f ball bearings on the nonlinear dynamic behavior. The data ac-
uisition and processing system utilizes a full period sampling as
he data acquisition method. Its sampling rate is 500 kHz maxi-

um, and sample size is 12 bits. The system provides eight chan-
els for vibratory response acquisition and 1 channel for rotational
peed acquisition. All channels are simultaneous.

The limitation with the presented experimental setup is that the
aximum attainable speed is 12,000 rpm. The first critical speed

f the rotor system falls in the speed span, as the shaft is flexible
nd its fist synchroresonance frequency is near 66 Hz �3960 rpm�.
hus, the dynamic behavior can be studied as the speed is beyond

Fig. 1 Exp
wice the synchroresonance frequency.

82502-2 / Vol. 132, AUGUST 2010

aded 02 Jun 2010 to 171.66.16.96. Redistribution subject to ASME
3 Rotor Dynamic Model
The bearing-rotor system combines an offset-disk and two ball

bearings, which support the rotor at both ends. The sketch map of
the system is described in Fig. 2, where the frame oxyz is the
inertial frame. The corresponding experiment assembly is shown
in Fig. 3.

3.1 Equations of Motion. Define ux and uy as the transverse
deflections along the ox and oy directions, and �x and �y as the
corresponding bending angles in the oxz and oyz planes, respec-
tively. When u1x, u1y, �1x, and �1y denote the displacements of the
ball bearing center location at the left end, the complex variables
u1 and �1 can be assumed as

u1 = u1x + iu1y, �1 = �1x + i�1y �1�

Denote the displacements of the disk center by u2 and �2, and the
displacements of the ball bearing center location at the right end
by u3 and �3. Using the finite element method, the equations of
motion for the rotor system can be written as �25,26�

mental rig

Fig. 2 Sketch map of ball bearing-rotor system
Fig. 3 Experiment assembly of ball bearing-rotor system
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�M��ü� + ��C� − ��G���u̇� + �K��u� = �Fg� + �Fu�t�� + �Fb�u,t��
�2�

here �M�, �C�, �K�, and �G� are the mass, damping, stiffness, and
yroscopic matrix of the rotor system, respectively, � is the rota-
ional speed, and �u� is the displacement vector

�u� = �u1 �1 u2 �2 u3 �3 �T �3�

Fg� and �Fu� are the vectors of gravity load and unbalance forces.
Fb� is the vector of nonlinear forces associated with ball bearings.

�Fb� = �fb�u1,t� 0 0 0 fb�u3,t� 0 �T �4�

here fb is the nonlinear restoring force of the ball bearing.

3.2 Ball Bearing Forces. A ball bearing is depicted in a
rame of axes oxyz in Fig. 4. The contact deformation for the j-th
olling element � j is given as

� j = ubx cos � j + uby sin � j − ci − co �5�

here ci and co are the internal radial clearance between the inner,
uter race, and rolling elements, respectively, in the direction of
ontact, and ubx and uby are the relative displacements of the inner
nd outer race along the x and y directions, respectively. As shown
n Fig. 4, the angular location of the j-th rolling element � j can be
btained from

� j =
2��j − 1�

N
+ �ct + �0 �6�

here N, �c, t, and �0 are the number of rolling elements, cage
ngular velocity, time, and initial angular location, respectively.
he cage angular velocity can be expressed as �27�

�c =
1

2
��1 −

Db

Dp
cos �� �7�

here Db and Dp are the ball diameter and bearing pitch diameter,
espectively. � is the contact angle, which is concerned with the
learance and can be obtained as follows:

� = arccos	1 −
ci + co

ri + ro − Db

 �8�

eferring to Fig. 4, ri and ro are the inner and outer groove radius,
espectively.

If the contact deformation � j is positive, the contact force could
e calculated using the Hertzian contact theory; otherwise, no load
s transmitted. The contact force Qj between the j-th ball and race
an be expressed as follows:

Qj = �kb� j
3/2 � j � 0

0 � j 	 0
� �9�

Fig. 4 Geometry in ball bearing
here kb is the contact stiffness that can be given by
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kb = � 1

�1/kbi�2/3 + �1/kbo�2/3�3/2

�10�

where kbi and kbo are the load-deflection constants between the
inner and outer ball race, respectively �28�.

Summing the contact forces for each rolling element, the total
bearing reaction fb in a complex form is

fb = 
j=1

N

Qj�cos � j + i sin � j� �11�

4 Experimental and Numerical Analysis
As shown in Fig. 2, the experimental assembly and the finite

element model used in the dynamic analysis represent the ball
bearing-rotor system with the following geometrical properties:
length between the disk center and left end bearing center L1
=120 mm; length between the disk center and right end bearing
center L2=230 mm; and the shaft diameter D=10 mm. In addi-
tion, the elastic shaft material is steel of density 
=7950 kg /m3,
Young’s modulus E=211 GPa, and Poisson’s ratio �=0.3. The
ball bearings at both ends are the same model, 7200AC, and its
parameters are listed in Table 1.

The unbalance load is acted with the aid of the mass fixed on
the disk. By virtue of this act, the mass eccentricity of the disk can
be definitely ascertained. As the mass eccentricity of the disk is
0.032 mm, the vibratory response at different rotational speed is
determined via a numerical integration and Newton–Raphson it-
erations of the nonlinear differential equation �2�. Note that the
clearances used to simulate the bearings are measured ones. The
horizontal and vertical displacements signals near the disk are
acquired at different times, along with the increased rotational
speed. Thus, the amplitudes of vibration at different speeds are
determined according to the test data, and overall amplitudes are
illustrated in Fig. 5, as the rotor system is run from �
=2000 rpm to 10,000 rpm. The prediction results compared with
experimental data are shown in Fig. 5. It can be found that all of
the predicted results are in good agreement with experimental
data, thus validating the proposed model. The first predicted reso-
nance peak—the so called forward critical speed in linear theory,
located at �=3960 rpm, matches the experimental date near �
=3900 rpm quite well. Moreover, the other amplitude peak ap-
pearing in the rotational speed range �=7700 rpm to 8100 rpm
can be found in both experimental and numerical analysis results.
The corresponding frequency value of this peak is just the fre-
quency doubling of the system critical speed.

The Floquet theory can be used for analyzing the stability and
topological properties of the periodic solution of the ball bearing-
rotor system. If the gained Floquet multipliers are less than unity,
the periodic solution of the system is stable. If at least one Floquet
multiplier exists with the absolute value higher than unity, the
periodic solution is unstable and the topological properties of re-
sponse alter into nonperiodic motion �29�. The leading Floquet
multipliers and its absolute value at �=7600 rpm, 8029 rpm, and

Table 1 Angular contact ball bearing 7200AC parameters

Bearing parameters Value

Number of balls �N� 9
Ball diameter �Db� 4.74 mm
Pitch diameter �Dp� 20.45 mm
Inner race curvature radius �ri�

a 2.5596mm
Outer race curvature radius �ro�a 2.4648mm
Inner race clearance �ci� 0.001 mm
Outer race clearance �co� 0.002 mm

aEstimated value.
8200 rpm are shown in Table 2. It is found that the leading Flo-
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uet multiplier of the system remains in the unit circle, which
ndicates a synchronous response, as the rotational speed is less
han 7700 rpm. Stability analysis shows that the imaginary parts
f the two leading Floquet multipliers move in opposite directions
long the real axis near �=7700 rpm. When the speed exceeded
=7700 rpm, the leading Floquet multiplier crosses the unit

ircle through �1, as shown in Table 2. The periodic solution
oses stability and undergoes a period-doubling bifurcation to a
eriod-2 response, which indicates that a subharmonic resonance
ccurs. The subharmonic resonance keeps on from �
7700 rpm to 8100 rpm. At �=8100 rpm, the leading Floquet
ultiplier moves inside the unit circle through �1. Imply that the

ubharmonic resonance vanishes and the synchronous response
eturns. The synchronous response then continues to exist for
peeds above �=8100 rpm.

The waterfall map of frequency spectrums comparisons for pre-
iction and experiment results are illustrated in Fig. 6. It can be
ound that agreement between the prediction and the experimental
ata is remarkable. The frequency component 66.9 Hz, near the
orward resonance frequency, emerges and its amplitude rises sig-
ificant when the rotational speed is near 8029 rpm. It is shown
hat the resonance frequency is provoked when the speed is about
wice the critical speed of the ball bearing-rotor system, and the
ubharmonic resonance occurs. The experimental and numerical
nalysis indicate that the representative nonlinear behavior and the
ubharmonic resonance arise from the nonlinearity of ball bear-
ngs, Hertzian contact forces, and internal clearance.

The orbit and frequency spectrum at �=8029 rpm are plotted
n Fig. 7. Not only the prediction orbit but also the experiment
esults imply that the response is a period-2 motion, which is
llustrated in Fig. 7�a�. The predicted frequency components, con-
isting of �=133.8 Hz �8029 rpm� and � /2=66.9 Hz �4014
pm�, coincide with experimental data. It indicates that the peri-
dic response loses stability through a period-doubling bifurcation
o a period-2 response. Thus, the subharmonic resonance occurs

ig. 5 Amplitude of u2y versus rotational speed comparisons
or prediction and experiment

Table 2 Floquet multiplier of the ball bearing-rotor system

otational speed
rpm�

Leading Floquet
multiplier

Absolute value of leading Floquet
multiplier

600 −0.0862+0.9824i 0.9862
−0.0862−0.9824i 0.9862

029 −1.0736 1.0736
200 −0.0952+0.9770i 0.9816

−0.0952−0.9770i 0.9816
82502-4 / Vol. 132, AUGUST 2010
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due to the effects of ball bearings. It can cause severe vibration
and strong noise. Moreover, the subharmonic resonance could
couple with other destabilizing effects on engineering rotor sys-
tems such as Alford forces, internal damping, and so on, and
induce the rotor to lose stability and damage.

5 Conclusions
An experimental rig is employed to investigate the nonlinear

dynamic behavior of ball bearing-rotor systems. The correspond-
ing dynamic model is established with the finite element method
and 2DOF dynamic model of a ball bearing, which includes the
nonlinear effects of the Hertzian contact force and bearing internal
clearance. All of the predicted results are in good agreement with
experimental data, thus validating the proposed model.

Numerical and experimental results show that the resonance
frequency is provoked, and the subharmonic resonance occurs due
to the nonlinearity of ball bearings when the speed is about twice
the synchroresonance frequency. The subharmonic resonance can-
not only cause severe vibration and strong noise, but also induce
the rotor to lose stability and damage, once coupled with other
destabilizing effects on high-speed turbomachinery such as Alford
forces, internal damping, and so on. It is found that the effect of
the Hertzian contact forces could also induce a subharmonic reso-
nance, even if the internal clearance was not present. But, the
response amplitude and subharmonic component of the rotor sys-
tem without internal clearance are less than that with both Hert-
zian contact forces and internal clearance. Otherwise, the clear-
ance may be unavoidable under high-speed operations, where the
bearings are axially preloaded since the effect of unbalanced load

Fig. 6 Waterfall map of frequency spectrums at different rota-
tional speed; „a… experiment data and „b… numerical analysis
results
is significant at high speed. Thus, the nonlinearity of ball bearings,
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ertzian contact forces, and internal clearance should be taken
nto account in ball bearing-rotor system design and failure diag-
osis.
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